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Young and Kane have given a great insight for 2D Dirac semimetals with nontrivial topology in
the presence of nonsymmorphic crystalline symmetry. Based on one of 2D nonsymmorphic square
lattice structures they proposed, we further construct a set of 3D minimal tight-binding models via
vertically stacking the 2D nonsymmorphic lattice. Specifically, our model provides a platform to
generate three topologically semimetallic phases such as Dirac nodal line semimetals, Weyl nodal
line semimetals and Weyl semimetals. The off-centered mirror symmetry sufficiently protects nodal
lines emerging within mirror-invariant plane with a nontrivial mirror invariant nMZ, whereas twofold
screw rotational symmetry protects nontrivial Weyl nodal points with topological charge C = 2.
Interestingly, Weyl nodal loops are generated without mirror symmetry protection, where nontrivial
“drumhead” surface states emerge within loops. In the presence of both time-reversal and inversion
symmetries, the emergence of weak topological insulator phases is discussed as well.
I. INTRODUCTION
Three dimensional topologically nontrivial semimetals
(nodal-point and nodal line semimetals) have attracted
great attention recently [1–3]. Dirac and Weyl semimet-
als (DSM/WSM) contain isolated nodes with nontrivial
topological properties in materials [1]. For instance, non-
trivial surface Fermi arc in WSMs connecting each pair
of Weyl nodes with opposite topological monopoles has
been discovered [4]. In addition, the ultrahigh mobility
[5], giant magnetoresistance [5] and chiral anomaly ef-
fect [4, 6] in WSMs and DSMs have also been reported,
all of which are of fundamental and applicational im-
portance. As the second type of topological semimetals,
topologically nontrivial band-crossing lines emerge (The
Dirac nodal arc is also experimentally observed [7]) in the
topological nodal line semimetals [2]. Materials hosting
nodal lines have been experimentally confirmed [7–10]
and several intriguing properties are expected, includ-
ing the drumhead surface states and special zero modes
in quantum-oscillation measurements [2]. From these
unique topological properties, an intuitive approach to
achieve both types of nodal phases is highly desirable for
material fabrications.
Conventional classifications of semimetals directly
tackle the 3D space groups for searching candidates with
topologically nontrivial semimetallic phases. WSMs and
DSMs protected by symmorphic rotation [11, 12] and
reflection [13] symmetries have been classified. Simi-
lar symmetry classifications are also performed for the
nodal line semimetals [13, 14]. Recently, the elementary
excitations including nodal point, nodal line and even
nodal-surface semimetals are exhaustively explored for
all space groups with time-reversal symmetry (TRS) and
spin-orbit coupling (SOC) [15]. These influential works
have provided useful clues for achieving distinct topolog-
ical semimetallic phases. However, the complex nature of
the 3D space groups makes it difficult for us to have an
intuitive feeling about the essential physics required for
having these novel topological properties. Therefore, an
alternative bottom-up method to generate 3D nontriv-
ial phases by starting from minimal systems and keeping
track of the evolution of topological properties could be
an useful approach.
Recently, several works are devoted to generate dif-
ferent 3D topological phases by starting from a sim-
ple model and imposing distinct physical perturbations.
First, (quasi) 2D space groups are extensively studied
with crucial connections to 3D systems [16, 17]. Then
Behrends et al. [18] introduced a periodically modulated
potential to a 3D WSM to produce nodal-line semimetal
phases. Most recently, Yang et al. considered a tetrago-
nal lattice consisted of 2D square lattices stacked verti-
cally [19]. Either by breaking the off-centered symmetry
or the TRS, various topological insulating and semimetal-
lic phases can be generated. Motivated by these works,
we like to find out if those more sophisticated topological
semimetals with nodal lines and loops could be also sim-
ply constructed by stacking a 2D model. Our strategy is
to take advantage of nontrivial topology in the 2D model.
Hence we will use the minimal 2D nonsymmorphic lattice
model with SOC developed by Young and Kane [17]. We
shall only study models with TRS in this work. Various
phases, such as Dirac-nodal-line (DNL) and Weyl-nodal-
line (WNL) semimetals, WSM and weak topological in-
sulator (WTI) are generated. Under specific conditions
where only TRS is maintained, Weyl nodal loops are able
to emerge, in contrast to those cases protected by mir-
ror symmetries as well [20]. Our bottom-up method may
pave the way to engineer various topological semimetallic
phases in materials.
This paper is organized as follows. In Sec. II, The
minimal 2D nonsymmorphic lattice model is briefly in-
troduced and its crucial physical features are discussed
based on symmetry considerations. In Sec. III, we con-
struct several 3D tight-binding models by introducing
different couplings of the 2D models along vertical direc-
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2tions. The topological phases of these models are ana-
lyzed. Discussions about the evolution from nodal points
in 2D to nodal lines, nodal points in 3D, and the emer-
gence of Weyl loops in the absence of off-centered mirror
symmetry are provided in Sec. IV. We conclude this work
in Sec. V.
II. 2D DIRAC SEMIMETALS WITH
NONSYMMORPHIC SYMMETRY
We adopt one of the nonsymmorphic square lattice
models proposed in Ref. [17]. This model can be viewed
as a minimal model for 2D Dirac semimetals with SOC
in nonsymmorphic crystals. As shown in Fig. 1(a), we
consider a square lattice consisted of A and B sublattices,
where B atom is shifted a distance δy in y axis away from
the center of square lattice and it is also out of the plane
with a height δz. This lattice structure inherently has fol-
lowing symmetries: (1) inversion symmetry (P), where
the inversion center is at the middle of A and B atoms,
(2) time-reversal symmetry (T ), (3) twofold screw rota-
tion symmetry (Sx = {C2x|1
2
0}), i.e., it is invariant to
rotate by pi about x-axis and then translate a half lat-
tice constant along x direction, and (4) off-centered mir-
ror symmetry (M⊥x = PSx = {Mx|
1
2
0}), which implies
the mirror line passing through inversion center and re-
quires a half translation along x direction. Notably, P, Sx
and M⊥x form an important circular relation suggesting
that it is necessary to break two of them simultaneously
by a symmetry-breaking perturbation. According to the
lattice geometry, in the presence of SOC, the four-band
tight-binding model with the basis (A ↑, A ↓, B ↑, B ↓)
can be expressed as following:
H2D = −2t(cos kx + cos ky) +
 S R D 0R∗ −S 0 DD∗ 0 −S −R
0 D∗ −R∗ S

(1)
where D = −(t1 + t2eiky )(1 + e−ikx), S = 2λSO sin kx,
R = 2λR(i sin kx + sin ky) and we set lattice constant
a = 1. t1 (t2) is AB sublattice hopping strength for
short (long) bond. t is a hopping strength between near-
est neighbor atoms on the same sublattice. The intrinsic
SOC, λSO, is inherently induced due to the lack of mir-
ror symmetry about y axis. λR is the strength of Rashba
coupling under broken mirror symmetry about z axis sim-
ilar to the case in silicenes [21]. Symmetry constrains for
H2D are as following:
T H2D(kx, ky)T −1 = H2D(−kx,−ky),
PH2D(kx, ky)P−1 = H2D(−kx,−ky),
Sx(kx)H2D(kx, ky)S−1x (kx) = H2D(kx,−ky),
M⊥x (kx)H2D(kx, ky)M⊥x −1(kx) = H2D(−kx, ky). (2)
𝑡1 𝑡1
𝑡2
A
B
a
a
t
t
(a)
𝛿𝑦
y
x
𝑡2
(b)
FIG. 1: (Color online) (a) The schematic lattice structure.
Solid (open) circle denotes A (B) sublattice. B atom is shifted
a distance δy in y axis away from center with a height δz. (b)
Band structure of H2D. Γ, Y , X and M are at (kx, ky) =
(0, 0), (0, pi), (pi, 0) and (pi, pi) respectively.
These symmetry operations are of the form:
T = iσ2K, P =
[
0 1
1 0
]
,
Sx(kx) =
[
0 1
eikx 0
]
⊗ iσ1, M⊥x (kx) =
[
eikx 0
0 1
]
⊗ iσ1,
(3)
where σ are Pauli matrices acting on spin, explicit matri-
ces act on AB sublattice and K is complex conjugation.
Since t does not affect our result on topological proper-
ties, for simplicity we shall set it to be zero. The param-
eter set we use hereafter is: t1 = 1, t2 = 0.8, λR = 0.3
and λSO = 0.1.
Notice that there are two gapless Dirac cones at
M(pi, pi) andX(pi, 0), respectively [see Fig. 1(b)]. In addi-
tion to TRS and inversion symmetry (IS), the interplay
of screw rotation symmetry (SRS) in this nonsymmor-
phic lattice sufficiently guarantees the fourfold degener-
acy of Dirac points at M and X in the presence of SOC.
We can trace the number of occupied states with mirror
eigenvalue i in the lowest two bands along the mirror line
kx = pi and it changes by 2 across a Dirac point where
the band inversion happens twice. The nontrivial mirror
invariant [2, 13], nMZ = Ni(k1) − Ni(k2), is hence ±2,
where Ni(k) is number of occupied states with mirror
eigenvalue i and momenta k1 and k2 respectively locate
at opposite sides of Dirac point. nMZ implies that wind-
ing number around a Dirac cone is ±1. In the following
sections, this topological property is used to make the
evolution from a 2D Dirac semimetal to a 3D topological
semimetal. In particular, we study how the emergence of
topological phases are influenced by breaking symmetry.
III. PHASES OF TOPOLOGICAL SEMIMETAL
IN THREE DIMENSION
In order to investigate the topological phases of 3D
topological semimetals in our minimal model, we sim-
ply construct a layered structure by vertically stacking
3H ′(kx, kz) T P M⊥x Sx Phase Topological invariant
sin kzΣ31, cos kzΣ00, cos kzΣ10 + + + + DNL MZ
sin kzΣ01, sin kzΣ11, sin kzΣ22, sin kzΣ23, cos kzΣ30 + - + - WNL MZ
sin kzΣ02, sin kzΣ03, sin kzΣ12, sin kzΣ13, sin kzΣ21 + - - + WSM Z
cos kzΣ20, sin kzΣ32, sin kzΣ33 + + - - WTI/NSM Z2
TABLE I: Summary of possible H ′(kx, kz) with time-reversal invariance. Symmetry analysis is based on Eq. 4 and Σij = τiσj .
σi are Pauli matrices for i = 0 ∼ 3 acting on spin. τi acting on AB sublattice are defined by τ0 = I2×2, τ1 =
[
0 1 + e−ikx
1 + eikx 0
]
, τ2 =
[
0 1− e−ikx
1− eikx 0
]
and τ3 =
[
1 0
0 −1
]
. The symbol +(−) indicates that the symmetry is preserved (broken). DNL
(WNL) denotes Dirac (Weyl) nodal line semimetal phase. WSM (WTI, NSM) denotes Weyl semimetal (weak topological
insulator, normal semimetal) phase. MZ denotes Z index defined in mirror plane.
the 2D lattice in Sec. II. Consequently, the resulting
3D lattice structure holds the similar symmetry oper-
ations in 2D structure and the expressions of symme-
try operations in Eq. (3) are valid as well. An inter-
layer coupling H ′(kx, kz) is added to the H2D to have
H3D(kx, ky, kz) = H2D(kx, ky) + H
′(kx, kz). Similar to
Eq. 2, we have the symmetry conditions for H3D :
T H3D(kx, ky, kz)T −1 = H3D(−kx,−ky,−kz),
PH3D(kx, ky, kz)P−1 = H3D(−kx,−ky,−kz),
Sx(kx)H3D(kx, ky, kz)S−1x (kx) = H3D(kx,−ky,−kz),
M⊥x (kx)H3D(kx, ky, kz)M⊥x −1(kx) = H3D(−kx, ky, kz).
(4)
Notice that the dependence of kx in H
′(kx, kz) is nec-
essary for interlayer AB sublattice couplings in order to
globally preserve or break Sx orM⊥x in momentum space.
We focus on the kx = pi plane since nonsymmorphic sym-
metry plays a crucial role to protect gapless features in
the system. Our conclusion would not be changed while
keeping a fully gap elsewhere kx 6= pi.
We systematically investigate the topological phases
via preserving or breaking nonsymmorphic crystalline
symmetries. In our 3D model, topological indices nMZ
and nZ [2, 13] are useful to investigate the topology of
nodal lines and nodal points in the presence and absence
of off-centered mirror symmetry, respectively. Table I
summarizes possible H ′(kx, kz) with preserving TRS.
When H ′(kx, kz) breaks certain nonsymmorphic crys-
talline symmetries, for example via crystal distortion,
various forms of stacking and strains, it will generate dif-
ferent topological phases. Below we will consider three
topological semimetal phases, i.e., DNL semimetal, WNL
semimetal and WSM, and WTI phases.
A. Dirac nodal line semimetals
The phase of DNL semimetal emerges with fourfold de-
generate nodal lines, which is also known as double nodal
lines [2, 14, 19], when the four symmetries of Eq. 4 are
preserved. In contrast to the DNL semimetals without
SOC, the presence of SOC requires additional crystalline
symmetries to protest two doubly degenerate band cross-
ing [2, 14]. The necessary symmetries can be glide [22],
twofold screw rotation [2, 14, 23] or off-centered mirror
symmetry [19]. In this work, DNLs are mainly supported
by the interplay of off-centered mirror symmetry, IS and
TRS. Hence DNLs are robust on mirror-symmetry in-
variant plane kx = pi. In the second row of Tabel I,
sin kzΣ31 indicates a Rashba-like coupling along z di-
rection, cos kzΣ10 is for an interlayer AB hopping term,
while cos kzΣ00 for a simple vertical hopping term. Take
H ′(kx, kz) = 2tz sin kzΣ31 for example, in kx = pi plane,
H3D simply becomes H3D = 2τ3σ1(λR sin ky + tz sin kz)
and energy dispersions are ±2|λR sin ky+tz sin kz|, where
gapless nodal lines with fourfold degeneracy lie on mo-
menta satisfying λR sin ky = −tz sin kz. Nodal lines con-
fined within the mirror plane and linking two of time-
reversal invariant momenta can change their shape. As
shown in Fig. 2, these gapless nodal lines deform with
varying tz. Interestingly, a Lifshitz transition, where
each line change its connected time-reversal invariant mo-
menta, could take place when tz = ±λR. We can count
the number of occupied states with mirror eigenvalue i
within this plane to trace how many times band inver-
sion happens. Fig. 2 shows that any crossing of a nodal
line will change the occupied states by 2, which indicates
nMZ = ±2. The nontrivial nMZ in the original 2D model
provides the topological property of DNL phase. As a
consequence of the preservation of crystalline symmetry,
topology in 2D model naturally leads to the evolution of
3D DNL.
B. Weyl nodal line semimetal
It is quite surprising to find the nodal lines even when
both P and Sx are broken as shown in the third row
of Table I. In contrast to the case in Sec. III-A, nodal
lines within kx = pi plane becomes doubly degenerate
and surface states would emerge between nodal lines. We
called these nodal lines in this section “Weyl nodal lines”
(or, in general, so-called topological nodal lines [2, 13, 24,
25]) in order to distinguish from DNLs in Sec. III-A.
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FIG. 2: Evolutions of Dirac nodal lines within kx = pi plane
where H ′(kx, kz) = 2tz sin kzΣ31. (a), (b) and (c) show that
nodal lines change shape when tz = 0.1, 0.3 and 0.5, respec-
tively. (b) shows that the nodal lines touch each other at
certain momenta incidentally, where a Lifshitz transition oc-
curs. The inserted integers denote the number of occupied
states with mirror eigenvalue i.
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FIG. 3: (Color online) Weyl nodal phase where H ′(kx, kz) =
2tz sin kzΣ01 and tz = 0.1. (a) Weyl nodal lines within kx = pi
plane. The inserted integers denote the number of occupied
states with mirror eigenvalue i. (b) Fermi surface of surface
states on (100) surface. Color indicates the intensity of spec-
tral weight. (c) Berry phase γ(ky, kz = pi/2) as a function of
ky. A ±pi jump indicates the existence of nontrivial surface
states.
In the absence of P and Sx, each DNL splits into
two WNLs, T and M⊥x are sufficient to support
WNLs. Table I shows five terms corresponding to
this category. Take H ′(kx, kz) = 2tz sin kzΣ01 for in-
stance, H3D within kx = pi plane becomes H3D =
2λRτ3σ1 sin ky+2tzτ0σ1 sin kz and energy dispersions are
E = ±2|λR sin ky ± tz sin kz|. There are four doubly de-
generate nodal lines satisfying λR sin ky = ±tz sin kz in
this plane [see Fig. 3(a)]. Surface states on (100) sur-
face especially emerge in the region between nodal lines
that has an odd number of occupied states with mirror
eigenvalue i [see Fig. 3(a)-(b)]. The emergence of non-
trivial surface states can be confirmed by verifying Berry
phase and nMZ. Evolution of Berry phase γ(ky, kz) [26–
30] integrated over kx (see Appendix A. for more details)
is showed in Fig. 3(c). γ(ky, kz = pi/2) has a dramatic
−pi jump with varying ky, which indicates the existence
of non-trivial surface states. Meanwhile, nMZ = ±1
across a nodal line, where band inversion obviously hap-
pens once and the nodal line is a boundary of different
topological regions. In general, WNLs could accidentally
cross each other somewhere. Introducing a symmetry-
preserving extra mass term, e.g., a staggered potential
V Σ30 on AB sublattice, can remove this accidental de-
generacy. WNLs are, however, protected by off-centered
mirror symmetry in spite of the strength of V .
C. Weyl semimetals
In this section, we are going to investigate the topo-
logical WSM phase in the presence of both TRS and
SRS. It is known that Weyl nodes could emerge once
IS or TRS is broken [31, 32]. Nodal lines lose the pro-
tection of off-centered mirror symmetry within kx = pi
plane and are fully gapped except at time-reversal in-
variant momenta. Weyl nodes in our case locate at time-
reversal invariant momenta Λkx=pi within kx = pi plane,
due to the protection of both TRS and SRS. Large sur-
face Fermi arcs only survive on (100) surface, sharply
contrasting with “Kramers Weyl fermions”, where Weyl
nodes locate at all time-reversal invariant momenta in
whole 3D Brillouin zone [33], which harbors large Fermi
arcs on any surface plane. It is worth to point out that,
thanks to twofold SRS, a combined symmetry operation
S˜(kx) = Sx(kx)T provides a local “Kramers-like” dou-
bly degeneracy within kx = pi plane, where [S˜(kx =
pi)]2 = −1 [16, 34]. The fourfold degenerate Weyl nodes,
therefore, are crystalline-symmetry-protected. In the
fourth row of Table I, there are five terms classified in
WSM phase. Notice that these terms have certain strong
spin-orbit coupling in order to satisfy SRS. To explicitly
demonstrate the physical property of Weyl nodes, take
H ′(kx, kz) = 2tz sin kzΣ03 for example. Fig. 4(a) shows
the energy dispersion within kx = pi plane, where four
Weyl nodes reside. Topological charge or Chern number
is ±2 for each Weyl node similar to double-Weyl fermions
[35]. In Fig. 4(b), topological charge is determined by
means of Wilson loop [30, 36–39] on a closure sphere en-
closing a Weyl node. Chern number C can be identified
by the total flow of Berry phase γ (divided by 2pi) inte-
gral of a circular loop L on a sphere with varying a polar
angle θ from 0 to pi, i.e., 2piC = ∆γ[L(0 → pi)], where γ
is Berry phase calculated by occupied states. The detail
numerical method is shown in Appendix A. In order to
understand the topology associated with the Weyl node,
we examine H3D around (kx, ky, kz) = (pi, 0, 0) and take
a k · p expansion up to k linear terms. Here we can set
λSO = 0 as it will not affect our discussion below. After
a suitable unitary transformation, H3D can be further
separated into two subspaces,
Hη =− (t1 + t2)α3kx + 2λR(ηα2kx + α1ky)− 2ηtzα3kz
=dη ·α, (5)
where α are Pauli matrices, dη =
(2λRky , 2ηλRkx , −(t1 + t2)kx − 2ηtzkz) and η = ±1.
Both Hη precisely describe two spin-1/2 Weyl fermions
with the topological nature of Chern number 1. As a
result, total Chern number is 2 for this double Weyl
node. A Weyl node carrying Chern number 2 suggests
the emergence of 2 surface Fermi arcs connecting another
node with an opposite topological charge. Fig. 4(c)
shows Fermi arcs connecting (ky, kz) = (0, 0) with (0, pi)
or (pi, 0) with (pi, pi) in opposite z directions.
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FIG. 4: (Color online)(a) 3D band structure on the kx = pi
plane, where H ′(kx, kz) = 2tz sin kzΣ03 and tz = 0.1. There
are four Weyl nodes within this plane. (b) The flow of Berry
phase γ around Weyl node at (ky, kz) = (0, 0) indicates topo-
logical charge C = 2. (c) Fermi surface when opening (100)
surface. Four Fermi arcs connect four time-reversal invariant
momenta. Color denotes intensity of spectral weight.
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0
FIG. 5: (Color online) (a) Schematic diagram depicting δn at
each time-reversal invariant momenta Λn, where H
′(kx, kz) =
tz cos kzΣ20 + 2t
′
z sin kzΣ33 and tz = 0.2. Symbol +(−) de-
notes δn = 1(−1). Energy dispersions of slab structure open-
ing (100) surface are shown when t′z = (b) 0 and (c) 0.1. Red
(blue) curves denote bands of surface (bulk) states.
D. Weak topological insulators
In this last section, we are going to discuss the topo-
logical phases in the presence of both TRS and IS. When
both nonsymmorphic symmetries M⊥x and Sx are bro-
ken, the symmetry class reduces to symmorphic symme-
try. There are accidental gapless nodes residing within
kx = pi plane although and Z2 index is rather appropriate
to identify the topology than Z index or Chern number,
suggested by Yang and Nagaosa [12]. However, both T
and P do not sufficiently support the robustness of gap-
less feature and a gap opening is allowed. As shown in
the last row of Table I, there are three possible H ′(kx, kz)
terms respecting both TRS and IS. For the first case,
H ′(kx, kz) = tz cos kzΣ20, there are gapless nodal points
away from time-reversal invariant momenta. Z2 invari-
ant is well-defined at fully gapped time-reversal invari-
ant momenta Λn. We preform the three-dimensional Z2
invariant, (ν0; ν1ν2ν3), to determine the topology of sys-
tem. Strong index ν0 by definition is
(−1)ν0 =
∏
∀Λn
δn, (6)
and weak indices νi, i = 1, 2, 3, are expressed as
(−1)νi =
∏
Λn∈ki=pi
δn, (7)
where δn =
∏
m ξm(Λn) defined at the n-th time-reversal
invariant momenta Λn and ξm is the m-th parity eigen-
value belonging to two occupied states. We find then
(−1)ν0 = (−1)ν1 = 1, (−1)ν2 = −1,
(−1)ν3 = sgn(t21 − t22). (8)
As a consequence, we can determine the different pa-
rameter regimes for H3D. When t1 > t2, (ν0; ν1ν2ν3) =
(0; 010); when t1 < t2, (ν0; ν1ν2ν3) = (0; 011). These two
regimes are “weak topological insulators”, where those
gapless points are unstable. For example, if H ′(kx, kz) =
tz cos kzΣ20+2t
′
z sin kzΣ33, it will lead to gap-opening im-
mediately once t′z 6= 0, where Z2 indices do not change.
Surface states only emerge on certain surface plane im-
plied by weak Z2 indices. Fig. 5(a) showing δn at each Λn
implies there could be surface states emerging on (100)
or (001) surface and Fig. 5(b) shows energy dispersion in
slab structure opening (100) surface as t1 > t2. Notably,
two pieces of nodal-line-like surface states emerge along
ky = 0 and pi lines. These surface states have linear dis-
persion along ky and only can propagate in y direction
with a high mobility on surface. However, when an ex-
tra symmetry-allowed coupling exists, e.g., sin kzΣ33, the
nodal-line-like surface states become two surface Dirac
cones at (ky, kz) = (0, 0) and (pi, 0) simultaneously [see
Fig. 5(c)]. This is consistent with the suggestion of weak
Z2 indices.
IV. DISCUSSION
The symmetry condition in the layered structure we
constructed in this work is, however, less complicated
than the cases in Ref. [19]. Our minimal 3D tight-
binding model can generate multiple topological phases
for nodal semimetals with or without nonsymmorphic
symmetries and gives an insight of understanding the
emergence of nodal lines and nodal points in materials.
This model provides a platform to further study novel
excitations hidden in topological nodal semimetals.
It has been known that the stabilization of Dirac points
in 2D and 3D system must be held by crystalline symme-
try protection [12, 40]. Here we show that the two Dirac
nodal points at kx = pi in the 2D model can generate
DNLs by vertically stacking layers as long as nonsym-
morphic symmetry is preserved, even if there is interlayer
strong SOC, e.g., sin kzΣ31 in Table. I. The mechanism of
DNLs in our work contrasts to the case proposed in topo-
logical/normal insulator superlayer structure [32], where
nodal lines are obtained via the modulation between triv-
ial and nontrivial topological regions. Our method pro-
vides another approach to realize Dirac nodal semimetals
for layered materials.
The phenomenon of DNLs splitting into WNLs by
breaking both IS and SRS can be understood that gap-
opening between DNLs is caused by broken-IS while
off-centered mirror symmetry protects the robustness
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FIG. 6: (Color online) (a) 3D band structure within kx = pi
plane, where H ′(kx, kz) = 2tz sin kzΣ01 + t′z cos kzΣ20 and
tz = t
′
z = 0.1. Black loops indicate Weyl loops with the same
energy. Weyl nodes reside away from zero energy level. (b)
Fermi surface of surface states on (100) surface. “Drumhead”
surface states emerge in Weyl loops and Fermi arcs connect
two loops. Color denotes the intensity of spectral weight.
of WNLs. Once the off-centered mirror symmetry is
slightly broken in the presence of a weak perturbation,
e.g., strain, the WNLs could become Weyl nodal loops.
Take H ′(kx, kz) = 2tz sin kzΣ01 in WNL phase in Ta-
ble I for example. If we introduce an extra coupling,
e.g., t′z cos kzΣ20, into H
′ to break off-centered mirror
symmetry simultaneously, Weyl nodal loops are shown
in Fig. 6(a) with tz = t
′
z = 0.1. Interestingly, as shown
in Fig. 6(a), nodal loops with zero energy emerge within
kx = pi plane and, meanwhile, Weyl nodes with Chern
number ±1 reside away from zero energy level. Nodal
loops viewed as the intersection of two Weyl nodes with
an opposite topological charge enclose topologically non-
trivial surface states [see Fig. 6(b)], similar to so-called
“drumhead” surface states in TlTaSe2 [20] and Ca3P2
[41]. Notably, this is an interesting situation where nodal
loops and nodal points with nonzero topological charge
coexist simultaneously in a topological system. There
emerge nontrivial surface Fermi arcs connecting loops as
well. Surprisingly, these Weyl loops are robust even un-
der large t′z in this case. We emphasize here, in general,
the emergence of nontrivial nodal loops does not neces-
sarily require the existence of mirror symmetry.
The 2D lattice model in this work is case II discussed
by Young and Kane [17]. This 2D Dirac semimetal with
SOC shares the same space group as the Bi(110) mono-
layer [42–44], which might be experimentally realized in
future. Many terms in Table I correspond to specific
hopping mechanisms. For instance, the cos kzΣ10 for the
DNL phase can be realized by interlayer inter-sublattice
hopping while the cos kzΣ30 for the WNL phase corre-
sponds to the interlayer intra-sublattice hopping where
orbitals in two sublattices have different symmetries. Ac-
cordingly, distinct topological phases can be constructed
with the guidance from Table I, which will help to engi-
neer 3D topological materials.
V. CONCLUSION
In conclusion, we theoretically provide a minimal tight-
binding model of layered structure, which can straight-
forward generate 3D topological semimetal phases with
interplay of nonsymmorphic crystalline symmetries. Our
3D models can demonstrate topologies of Dirac nodal line
semimetals, Weyl nodal line semimetals, Weyl semimet-
als and weak topological insulators. In the presence of
off-centered mirror symmetry, nodal lines emerge within
mirror-invariant plane with nontrivial winding number.
On the contrary, in the absence of off-centered mirror
symmetry, nodal lines are gapped and nontrivial nodal
points could survive via the protection of screw rotational
symmetry with double topological charge, C = 2. Sur-
prisingly, Weyl nodal loops are present even only TRS
is preserved without mirror-symmetry protection. WTIs
generated in the presence of both TRS and IS are dis-
cussed, where nodal-line-like surface states or even sur-
face Dirac cones emerge.
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Appendix A: Numerical method for Wilson loops
and Chern number
We give a brief review for the numerical Wilson loop
method [30, 36–39] to calculate both Berry phase and
Chern number. Berry phase γ is calculated by the inte-
gration over [−pi, pi] along a path in momentum space and
Chern number is determined by the evolution of Berry
phase γ with varying integral loop on a spherical surface
enclosing a targeted nodal point [45].
Firstly, we define the Berry-Wilczek-Zee connection
[26, 46] using the cell periodic Bloch occupied eigenstates
|un,k〉 with n = 1, ..., N , and N is the number of occupied
band, i.e., Amn,µ = 〈um,k|∂kµ |un,k〉, where µ = x, y, z.
In both calculating Berry phase and Chern number, we
employ the following useful relation between Wilson loop
and Berry phase
eiγ[L] = P exp
[
−
∫
L
dk · TrA
]
= detW[L]. (A1)
where W[L] = P exp[− ∫L dk · A] is the Wilson loop,
which can be calculated numerically. Here P means the
integration order is counter-clockwise. L denotes the in-
tegration path.
In the method of Wilson loop, W[L] can be expressed
as discretized product formWmn[L] = 〈um,k|W[L]|un,k〉,
7where k is a momentum on L. The Wilson loop operator
is hence defined asW[L] = P ∏k∈L P(k), where the pro-
jector operator is P(k) = ∑Nm,n|un,k〉〈um,k|. For Chern
number calculation, L(θ) denotes a circular path on a
spherical surface at a polar angle θ, where θ = 0 means
along kz axis [38, 39]. The Chern number is determined
by the total flow of Berry phase γ from θ = 0 to pi, i.e.
2piC = ∆γ[L(0→ pi)].
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